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bstract

The release of heavy metals from industrial wastewaters represents one of major threats to environment. Compared with chemical precipitation
ethod, fixed-bed ion-exchange process can effectively remove heavy metals from wastewaters and generate no hazardous sludge. In order to

esign and operate fixed-bed ion-exchange processes successfully, it is very important to understand the column dynamics. In this study, the column
xperiments for Cu2+/H+, Zn2+/H+, and Cd2+/H+ systems using Amberlite IR-120 were performed to measure the breakthrough curves under varying
perating conditions. The experimental results showed that total cation concentration in the mobile-phase played a key role on the breakthrough
urves; a higher feed concentration resulted in an earlier breakthrough. Furthermore, the column dynamics was also predicted by self-sharpening
nd constant-pattern wave models. The self-sharpening wave model assuming local ion-exchange equilibrium could provide a simple and quick

stimation for the breakthrough volume, but the predicted breakthrough curves did not match the experimental data very well. On the contrary, the
onstant-pattern wave model using a constant driving force model for finite ion-exchange rate provided a better fit to the experimental data. The
btained liquid-phase mass transfer coefficient was correlated to the flow velocity and other operating parameters; the breakthrough curves under
arying operating conditions could thus be predicted by the constant-pattern wave model using the correlation.

2007 Elsevier B.V. All rights reserved.
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. Introduction

Untreated effluent wastewaters containing heavy metals from
actories will damage the environment. Therefore, many meth-
ds such as chemical precipitation, activated carbon adsorption,
on-exchange, reverse osmosis, electrodialysis, and nanofiltra-
ion were used to remove heavy metals from wastewaters [1].
ecause many methods are either not cost-effective or generate

econdary pollution problems, adsorption or ion-exchange pro-
ess using natural or synthetic materials to remove heavy metals
rom wastewater becomes relatively attractive [2–8]. Although
irect addition of adsorbent to wastewater to remove heavy met-
ls is quiet efficient, separation of the adsorbent from wastewater
or repeated use is very time- and resource-consuming. There-

ore, it seems to be more logical and cost-effective to remove
eavy metals from industrial wastewaters by using fixed-bed
perations instead of batch operations [9–13].

∗ Corresponding author. Tel.: +886 2 27002737x23; fax: +886 2 27079528.
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Fixed-bed ion-exchange system packed with suitable resin
articles in a column can treat heavy metal effluent by entering
he wastewater from the top and leaving at the bottom of
he column. During downward flow, the heavy metals in the

obile-phase are exchanged onto the stationary resin particles
n the bed that are pre-saturated with the less favorable ion
uch as H+. From the top to the bottom, the resins in each
ayer are converted from hydrogen form to metal form and
ose their exchangeable ability. If the wastewater continuously
eeds into the column, the exchanged zone migrates downwards
ntil the effluent metal concentration becomes the same as
he influent concentration. When column breakthrough takes
lace, the heavy metal-saturated column must be backwashed,
egenerated, and rinsed before next utilization cycle [14].
rom the standpoint of heavy metal removal only, the above
perating mode is simple and has been widely used in water
nd wastewater treatment practice. However, if heavy metal

eparation and recovery are desired, we need to know what kind
f heavy metal will exit an ion-exchange column at what time
eriod. Then we can collect the effluent solutions and separate
ifferent heavy metals. In order to know what kind of metal ion
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dx.doi.org/10.1016/j.jhazmat.2007.06.098
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Nomenclature

A cross-section area of column (cm2)
C total cation concentration in the mobile-phase

(meq./L)
C̄ total cation concentration or capacity in the

stationary-phase (meq./g resin)
CH hydrogen ion concentration in the mobile-phase

(meq./L)
C̄H hydrogen ion concentration in the stationary-

phase (meq./g resin)
CM metal ion concentration in the mobile-phase

(meq./L)
C̄M metal ion concentration in the stationary-phase

(meq./g resin)
CMF feed metal ion concentration in the mobile-phase

(meq./L)
k1 model coefficient defined in Eq. (17) (h−1)
k2 model coefficient defined in Eq. (17)

(cm−3/2 h−1/2)
k′

2 model coefficient defined in Eq. (18)
(cm−1/2 h−1/2)

KLa volumetric mass-transfer coefficient in liquid
phase defined in Eq. (8) (h−1)

KMH equilibrium constant defined in Eq. (7) (g resin/L
solution)

K′
MH modified equilibrium constant defined in Eq. (6)

(–)
L length of ion-exchange resin bed (cm)
m slope of the linearization defined in Eq. (15)

(cm3)
pH0 initial feed pH in the mobile-phase (–)
t time (h)
t1/2 half time at xM = 1/2 (h)
u0 linear velocity of the mobile-phase fluid

(cm/h)
uxM concentration fraction wave velocity of a self-

sharpening wave (cm/h)
V cumulative effluent volume (mL)
V1/2 cumulative effluent volume at xM = 1/2 (mL)
VB ion-exchange bed volume (mL)
VBK breakthrough volume by self-sharpening wave

(mL)
xH hydrogen ion equivalence fraction in the mobile-

phase (–)
xM metal equivalence fraction in the mobile-phase (–)
xMF feed metal equivalence fraction in the mobile-

phase (–)
xMP presaturation metal equivalence fraction in the

mobile-phase (–)
x∗

M equilibrium metal equivalence fraction in the
mobile-phase (–)

yH hydrogen ion equivalence fraction in the
stationary-phase (–)

yM metal equivalence fraction in the stationary-phase
(–)

yMF feed metal equivalence fraction in the stationary-
phase (–)

yMP presaturation metal equivalence fraction in the
stationary-phase (–)

Z distance from the inlet of mobile-phase (cm)

Greek letters
ε void fraction of ion-exchange resin bed (–)
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ρ density of ion-exchange resin (g resin/cm )
τ adjusted time, τ = t − Z/ux (h)

xits an ion-exchange column at what time period, we need to
now the dynamic behavior of the column.

Although a variety of models were available to predict the
xed-bed dynamics [15–21], the non-linear wave propagation

heory provided a simple method to estimate the column break-
hrough times for any types of adsorption isotherms [22–24].
ecause the needed assumptions, infinite mass-transfer rate
nd local equilibrium, of the non-linear wave propagation
heory are not always met for fixed-bed operations, a constant-
attern wave approach was proposed to predict the breakthrough
urves of fixed-bed adsorption processes with Langmuir or Fre-
ndlich adsorption isotherms [25]. The constant-pattern wave
pproach was adopted to model the breakthrough curves of
xed-bed processes to remove organic pollutants such as phe-
ols, p-nitrophenol and acid dye [26–29]. The Langmuir and
reundlich adsorption isotherm models, although commonly
sed in adsorption processes, are not suitable for ion-exchange
rocesses especially when the exchanged ions possess differ-
nt valences, e.g. heavy metal and hydrogen ion. According
o our previous results [30], reversible reaction model using

equilibrium constant to express the ion-exchange equilibri-
ms of M2+/H+ system can not only describe the ion-exchange
quilibriums satisfactorily but also provide a closer fit to the
on-exchange kinetic data. This study therefore focuses on
xtending the constant-pattern wave approach to predict the
reakthrough curves of heavy metal ion-exchange processes
sing the reversible reaction model for the ion-exchange equi-
ibriums of Cu2+/H+, Zn2+/H+, and Cd2+/H+ systems.

. Theory

The column dynamic behavior of an ion-exchange process
an be described by a set of differential equations coupled with
set of algebraic equations. Consider an ion-exchange system
ith two exchangeable cations, H+ and M2+, the governing

quation of the column dynamics for heavy metal M2+ is:

1 − ε

ε

) (
C̄

C

)
ρ∂yM

∂t
+ ∂xM

∂t
+ u0

∂xM

∂Z
= 0 (1)
here xM is the heavy metal equivalence fraction in the
obile-phase, yM is the heavy metal equivalence fraction in

he stationary-phase, C is the total cation (heavy metal plus
ydrogen) concentration in the mobile-phase, C̄ is the total
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ation concentration in the stationary-phase or the ion-exchanger
apacity, ε is the void fraction of the ion-exchange bed, u0 is the
inear velocity of the mobile-phase fluid, t is the operation time,

is the density of ion-exchange resin and Z is the distance from
he inlet of the mobile phase. Eq. (1) is basically the unsteady-
tate mass balance of the heavy metal M2+. The assumptions
ssociated with Eq. (1) are:

No chemical reactions occur in the column.
Exclusion of co-ions and non-ionic species from the resin
interior.
No shrinking or swelling of resin.
The flow pattern is ideal plug flow.
Only mass transfer by convection is significant.
The temperature in the column is uniform and invariant with
time.
The flow rate is constant and invariant with the column posi-
tion.
Unity activity coefficients.

Similar to the adsorption process, assuming local equilibrium
nd using the definition of the concentration wave velocity and
he chain rule of calculus, the self-sharpening wave velocity
25,31–33] can be expressed as follows:

xM = u0

1 + ρ[(1 − ε)/ε](C̄/C)(�yM/�xM)Z
(2)

f the concentration fraction wave velocity is known, the dynam-
cs of ion-exchange column can be easily predicted. Finally, the
reakthrough curve of a self-sharpening ion-exchange wave can
e calculated by the following equation [25]:

xM = xMP for 0 ≤ V ≤ VBK

xM = xMF for V ≥ VBK
(3)

here the subscripts F and P represent the feed and presatura-
ion conditions, respectively; VBK is the breakthrough volume
alculated by the self-sharpening wave model:

BK = VB

[
ε + ρ(1 − ε)

(
C̄

C

) (
yMF − yMP

xMF − xMP

)]
(4)

here VB is the resin bed volume.
In Eq. (4), the heavy metal equivalence fraction in the resin

hase yMF can be expressed as a function of the metal fraction
n the solution phase [30]:

M = 1 −
−1 +

√
1 + 4K′

MHxM/(1 − xM)2

2K′
MHxM/(1 − xM)2 (5)

here K′
MH is the modified equilibrium constant defined as:

C̄
(

yM
) (

xH
)2
′
MH = KMH

C
=

xM yH
(6)

n Eq. (6), KMH is the true equilibrium constant defined by
ass action law for the ion-exchange process of M2+ + 2H+ ↔

w
x

t
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2+ + 2H+:

MH =
(

CM

CM

)
·
(

CH

CH

)2

(7)

s shown by the previous study [25], the prediction of the
reakthrough curve by Eq. (4) is based on the local equi-
ibrium assumption. Under practical operating conditions, the
ocal equilibrium assumption may not be justified due to lim-
ted mass-transfer rate. In this case, the self-sharpening wave
ill eventually evolve into a constant-pattern wave moving at a

onstant velocity.
The ion-exchange rate in Eq. (1) can be described by a

onstant driving force model using an overall liquid-phase mass-
ransfer coefficient [34]:

1 − ε

ε

) (
C̄

C

)
ρ∂yM

∂t
= KLa(xM − x∗

M) (8)

here KLa is the overall mass-transfer coefficient; x∗
M is the

obile-phase heavy metal equivalence fraction in equilibrium
ith the stationary-phase heavy metal equivalence fraction yM.
During the propagation of the constant-pattern wave, the ratio

f the heavy metal concentration in the stationary- and mobile-
hases is constant:

yM

xM
= yMF

xMF
= constant (9)

ubstituting yM with yMFxM/xMF into Eq. (8), the mobile-
hase concentration can be expressed as a unique function of
he adjusted time defined as τ = t − Z/uxM . The breakthrough
urve can thus be predicted by the following equation [25]:

= t1/2 +
(

1 − ε

ε

) (
C̄

C

)
yMFρ

xMFKLa

×
∫ xM

1/2

1

xM − g(yMFxM/xMF)
dxM (10)

here g is the reverse function of Eq. (5), i.e., x∗
M = g(yM).

∗
M = 1 + K′

MH

2yM
(1 − yM)2

−1 − yM

2

√
4K′

MH

yM
+ K′

MH
2

y2
M

(1 − yM)2 (11)

n fixed-bed operations the cumulative effluent volume, V equal-
ng u0εAt is usually used instead of the operating time:

= V1/2 + (1 − ε)

(
C̄

C

) (
yMF

xMF

)
u0Aρ

KLa

×
∫ xM

1/2

1

xM − g(yMFxM/xMF)
dxM (12)
here V1/2 is the cumulative effluent volume when the effluent
M equals 1/2.

Combining Eqs. (11) and (12) leads to the following equation
hat can be used to predict the breakthrough curves of fixed-bed
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on-exchange processes:

= V1/2 + (1 − ε)(C̄/C)

(
yMF

xMF

)
u0Aρ

KLa

∫ xM

1/2
f (xM) dxM

(13)

here f(xM) is a function of the metal equivalence fraction in the
olution phase, xM:

(xM) = 1

xM − 1 − (K′
MHxMF/2xMyMF)(1 − (yMF/xMF)xM)2[

. Materials and methods

.1. Experimental materials

The strong acid cationic exchange resin, Amberlite IR-120
Rohm Haas Corp., USA) was used in this study. The resin used
as a true density of 1.26 g/cm3, particle size ranges from 0.30
o 0.59 mm, operating pH ranges from 0 to 14, and moisture
ontent ranges from 48 to 55 %. Before the column experi-
ents, the ion-exchange resin was first screened by passing

hrough a series of sieves to narrow the particle size distribu-
ion. The screened ion-exchange resins were acid-conditioned
ith 1N HCl (Yakuri Pure Chemicals Corp., Japan) several

imes to convert the exchange sites to the desired H+ form.
he heavy metal solutions were prepared by dissolving copper
itrate, zinc nitrate, and cadmium nitrate (Wako Pure Chemicals
orp., Japan) in ultra pure deionized water provided by Synergy
ater System (Millipore Corp., USA).

.2. Experimental procedures

About 3 g of the conditioned resin was placed in a glass col-
mn and a known amount of standard 0.1N sodium hydroxide
olution was fed to the column at a low flow rate to deter-
ine the ion-exchange capacity of the resin. The capacity of the
on-exchange resin was determined to be 6.38 ± 0.49 meq./g.
The column dynamic experiments were carried out in a

acketed-type fixed-bed column with inner diameter of 1.0 cm
nd the temperature was controlled at 298 K. At the bottom of

m
t
t
t

able 1
xperimental conditions of column tests

un System (M2+/H+) Mobile phase
concentration (meq./L)

Feed metal
fraction

1 M = Cu 1.0 0.999
2 M = Cu 18.3 0.982
3 M = Cu 43.7 0.999
4 M = Zn 1.0 0.998
5 M = Zn 16.5 0.999
6 M = Zn 30.2 0.999
7 M = Cd 1.0 0.998
8 M = Cd 19.1 0.996
9 M = Cd 27.1 0.999
0 M = Cu 29.3 0.625
1 M = Zn 27.7 0.699
2 M = Cd 28.1 0.676
Materials 152 (2008) 241–249

1 + 4xMyMF/K′
MHxMF(1 − (yMF/xMF)xM)−2]

(14)

he column, a glass-wool membrane was equipped to prevent
he loss of resin. Desired amounts of resin were carefully added
o the column; the entrapped air was removed by fluidizing the
olumn with deionized water. After finishing bed fluidization,
he re-settle down resin particles were rinsed with downflow
eionized water. To start a column experiment, the heavy metal
olution with desired metal concentration was fed to the top of
he column. A metering pump (Tokyo Rikakikai Corp., MP-3N)

as used to control the flow rate at about 5–7 BV/h and a fraction
ollector (ISCO, Retriever 500) was used to collect the sam-
les for metal concentration analysis by an atomic absorption
pectrophotometer (Varian, Model 3000). The effluent solution
amples were instantly measured by a pH meter (Radiometer
o., PHM240) in order to observe the column breakthrough.
ince the effect of bed length on the adsorption breakthrough
urve has been studied and known [25], only the effects of total
ation concentration and flow rate are focused in this study. All
he column experimental conditions are summarized in Table 1.

. Results and discussion

.1. Self-sharpening wave vs. constant-pattern wave
pproach

Fig. 1a shows a typical breakthrough curve of copper
ith open circles representing the experimental data, dashed

urve representing the breakthrough curve predicted by the
elf-sharpening wave model, and solid curve representing
he breakthrough curve predicted by the constant-pattern
ave model. The true equilibrium constants, KCuH = 40.43 g/L,
ZnH = 37.48 g/L and KCdH = 37.44 g/L used in model calcula-

ions were determined in our previous study [30]. As is shown
y Eq. (3), the breakthrough curve is a “step”; the effluent heavy

etal concentration equals the column pre-saturation concen-

ration (zero in this study) for cumulative effluent volume less
han the breakthrough volume and climbs to the feed concen-
ration at and beyond the breakthrough volume. Although the

Feed pH Bed void fraction Bed length (cm) Linear velocity
(cm/h)

5.90 0.4 5.0 63.8
3.49 0.4 5.0 56.3
4.74 0.4 5.0 77.5
5.84 0.4 5.0 63.8
4.87 0.4 5.0 68.2
4.78 0.4 5.0 81.3
5.71 0.4 5.0 63.8
4.15 0.4 5.0 65.0
4.81 0.4 5.0 70.0
1.96 0.4 5.0 51.2
2.08 0.4 5.0 86.6
2.04 0.4 5.0 61.1



I.-H. Lee et al. / Journal of Hazardous Materials 152 (2008) 241–249 245

F
m
w

s
t
b
m
c
i
m
t
a
fi

b
p
e
p
l
c
i
r
e
f
i
b

4
w

c
g

F
s
m

t
T
t
t

•

•

•

w
a
e
p
c
F
e
V
(

ig. 1. Ion-exchange column breakthrough curves demonstrated by (a) experi-
ental data and curves predicted by constant-pattern wave and self-sharpening
ave models and (b) effluent pH and hydrogen concentration.

elf-sharpening wave model can roughly and rapidly estimate
he breakthrough volume, the solid curve in Fig. 1a predicted
y the constant-pattern wave model obviously fits the experi-
ental data much better. The discrepancy of model prediction

apability mainly depends on the model assumptions. Assum-
ng local ion-exchange equilibrium in the self-sharpening wave

odel implies that the mass-transfer rate is infinitive. To avoid
his unreasonable assumption, the constant-pattern wave model
dopts a finite mass-transfer rate and therefore provides a better
t to the breakthrough curve.

Fig. 1b shows the effluent pH history. Comparing Fig. 1a and
, we can find the effluent pH has the same trend as the cop-
er concentration breakthrough curve. Because hydrogen ion is
xchanged with the copper ion and released into the solution
hase, the hydrogen ion concentration will remain at a higher
evel before breakthrough. Then, it suddenly drops to the feed
oncentration at and beyond the breakthrough volume, accord-
ng to the self-sharpening wave theory. Probably due to complex
eaction of copper ion and hydroxide ion in the solution, the
xperimental hydrogen concentration and pH curves do not per-
ectly fit the model-predicted curves. Nevertheless, the sharp
ncrease of the effluent pH can serve as a good indicator for
reakthrough in fixed-bed ion-exchange operation.

.2. Prediction of breakthrough curve by constant-pattern
ave model
For a given effluent heavy metal equivalence fraction xM, we
an substitute Eq. (14) into Eq. (13) and use a numerical inte-
ration method to calculate the accumulative effluent volume if

c
o
t
s

ig. 2. Ion-exchange column breakthrough curves of Cu2+/H+ system demon-
trated by (a) experimental data and curves predicted by constant-pattern wave
odel and (b) linearization of F(xM) vs. cumulative effluent volume.

he overall liquid-phase mass-transfer coefficient KLa is known.
he overall liquid-phase mass-transfer coefficient depends on

he hydrodynamics in the fixed bed and can be determined by
he following procedure [25]:

Use Simpson’s integration method to obtain the integration
term in Eq. (13)
Re-defined a new function F(xM) with a reciprocal slope m:

F (xM) = 1

m
(V − V1/2) (15)

where

m = (1 − ε)

(
C̄

C

) (
yMF

xMF

)
u0Aρ

KLa
(16)

Plot F(xM) versus V and use linear regression to obtain m and
V1/2.

The slope and intercept of the linear plots shown in Fig. 2b
ere used to calculate the overall mass-transfer coefficient KLa

nd the half breakthrough volume V1/2 of the Cu2+/H+ ion-
xchange column tests, respectively. In practice, only the data
oints near the half breakthrough volume V1/2 were used for the
alculations. The very good linearity for run 1 to run 3 shown in
ig. 2b suggests the methodology is also applicable to the ion-
xchange column tests. Using the obtained model parameters,
1/2 and KLa, the breakthrough curves were calculated by Eq.

13) and the results are shown in Fig. 2a. As shown by Fig. 2a, the

onstant-pattern wave model predicts the breakthrough curves
f Cu2+/H+ ion-exchange column tests satisfactorily. Similarly,
he results for Zn2+/H+ and Cd2+/H+ ion-exchange systems are
hown in Figs. 3 and 4, respectively.
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ig. 3. Ion-exchange column breakthrough curves of Zn2+/H+ system demon-
trated by (a) experimental data and curves predicted by constant-pattern wave
odel and (b) linearization of F(xM) vs. cumulative effluent volume.

.3. Comparison of V1/2 and breakthrough volume

The model parameters, V1/2 and KLa for all the test runs are
ummarized in Table 2. Also shown in Table 2 are the break-
hrough volumes calculated by the self-sharpening wave model,
q. (4). For comparison, the breakthrough volume predicted by
he self-sharpening wave model and the half breakthrough vol-
me at xM = 1/2 obtained by the constant-pattern wave model are
isted in Table 2. As is shown by Table 2, the half breakthrough
olume V1/2 and the breakthrough volume VBK are basically

i
m
i

able 2
odel parameters for copper, zinc and cadmiuma

xperimental condition C

2+/H+ C (meq./L) xMF (–) u0 (cm/h) K

E

= Cu 1.0 0.999 63.8 1.
18.3 0.982 56.3 1.
43.7 0.999 77.5 1.
29.3 0.625 51.2 0.

= Zn 1.0 0.998 63.8 1.
16.5 0.999 68.2 1.
30.2 0.999 81.3 1.
27.7 0.699 86.6 1.

= Cd 1.0 0.998 63.8 1.
19.1 0.996 65.0 1.
27.1 0.999 70.0 1.
28.1 0.676 61.1 0.

a Resin properties ε = 0.4, ρ = 1.26 g/cm3, C̄ = 6.38 meq./g KCuH = 40.43 g/L, KZnH
b Self-sharpening wave model.
c KLa is calculated from Eq. (16).
ig. 4. Ion-exchange column breakthrough curves of Cd2+/H+ system demon-
trated by (a) experimental data and curves predicted by constant-pattern wave
odel and (b) linearization of F(xM) vs. cumulative effluent volume.

he same. Therefore, the half breakthrough volume V1/2 of the
onstant-pattern wave model can be easily estimated by Eq. (4),
he self-sharpening wave model.

.4. Correlation of volumetric mass-transfer coefficient
In order to estimate the overall mass-transfer coefficients in
on-exchange column operations, a correlation for the overall

ass-transfer coefficient as a function of operating parameters
s highly desired. Chern and Chien used a correlation to esti-

onstant-pattern wave SSb wave

La (h−1) V1/2 (BV) VBK (BV)

xperimental Calculatedc

56 1.77 290.2 288.7
12 1.66 161.2 161.9
78 1.95 11.7 13.4
97 1.58 176.1 171.6

80 1.54 286.3 284.6
04 1.59 148.2 145.2
20 1.73 66.2 69.9
26 1.78 87.3 89.3

27 1.42 288.1 285.6
15 1.43 120.1 120.2
34 1.49 59.5 59.4
84 1.39 122.5 120.2

= 37.48 g/L, KCdH = 37.44 g/L.
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feed metal concentrations and pHs according to the wave prop-
agation models. To understand the effects of the feed metal
concentration and pH on the breakthrough curve, it is important
to note that the equilibrium constant based on the mass action
Fig. 5. Linear plots of the modified volumetric mass-transfer coefficient.

ate the individual liquid-film coefficient of phenol in activated
arbon bed and found that solid-phase mass transfer resistance
ould not be neglected; therefore they proposed an empirical
orrelation of the overall liquid-phase mass-transfer coefficient
or activated carbon adsorption process [25]:

La = k1 + k2Q
1/2 (17)

here Q is the feed flow rate that can be expressed as the linear
elocity of the mobile-phase times the bed cross-sectional area.
he overall liquid-phase mass-transfer coefficient can then be
xpressed as a function of the linear velocity of the mobile-phase:

La = k1 + k′
2
√

u0 (18)

ubstituting Eq. (18) to Eq. (16) leads to

C̄u0yMF

mCxMF
= 1

Aρ(1 − ε)
(k1 + k′

2
√

u0) (19)

ccording to Eq. (18), the plot of C̄u0yMF/mCxMF versus
u0 should be linear if the correlation, Eq. (18) is adequate.

ig. 5 shows that the plots of C̄u0yMF/mCxMF versus
√

u0
or Cu2+/H+, Zn2+/H+, and Cd2+/H+ ion-exchange systems are
ndeed linear and the R2 values are close to unity. Using the
orrelation, Eq. (19), for given fluid velocity, feed composition,
otal cation concentration in the mobile-phase, and resin bed
roperties we can calculate the reciprocal slope m with which
he overall mass-transfer coefficient KLa can be calculated by
q. (16). Once the half breakthrough volume V1/2 is estimated
y Eq. (4) for the breakthrough volume VBK, the breakthrough
urve can be predicted by Eq. (13) using the calculated overall
ass-transfer coefficient KLa.

.5. Effect of feed metal concentration and pH
It is quite common that the effluent metal concentration and
H in wastewater may vary with manufacturing process. The
on-exchange column dynamics is thus different for different
ig. 6. Different column operating conditions on ion-exchange equilibrium plot.
Fig. 7. Effect of feed pH on the ion-exchange breakthrough curves.
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aw, KMH is a true constant while the modified equilibrium con-
tant K′

MH defined in Eq. (6) depends on the total mobile-phase
oncentration. According to Eq. (4), the breakthrough volume
BK (≈V1/2) will decrease when the total mobile-phase concen-

ration increases even at constant feed composition. As shown
y Table 2, the half breakthrough volume V1/2 and the break-
hrough volume VBK substantially decrease with increasing total
obile-phase concentration.
In addition to flow rate and feed metal concentration, feed pH

lays an important role in column dynamics [35,36]. The feed
etal equivalence fraction varies with the feed pH at a constant

otal mobile-phase concentration:

MF = CMF

C
= C − CH

C
= C − 10−pH

C
(19)

ccording to Eq. (19), the feed metal equivalence fraction
ncreases with increasing feed pH at a constant total mobile-
hase concentration. As shown by Fig. 6, the larger feed metal
quivalence fraction has a lower �yMF/�xMF and therefore
esults in a smaller breakthrough volume according to Eq. (4).
ig. 7 shows the experimental and predicted breakthrough curves
f the Cu2+/H+, Zn2+/H+, and Cd2+/H+ ion-exchange systems
ith different feed pHs and metal concentrations. As is shown
y Fig. 7b and c, the effect of feed pH can be predicted by the
onstant-pattern wave model successfully.

. Conclusions

The constant-pattern wave model previously developed to
redict the breakthrough curves of activated carbon adsorp-
ion systems with Langmuir or Freundlich isotherm has been

odified to predict the heavy metal ion-exchange breakthrough
urves. Several column experiments of copper, zinc, and cad-
ium with different feed metal concentrations, pHs, and flow

elocities were performed and the breakthrough curves were
easured. The self-sharpening wave model along with the equi-

ibrium constant model for ion-exchange equilibrium was used
o estimate the breakthrough volumes and thus to predict the
reakthrough curves of the column experiments satisfactorily.
owever, the constant-pattern wave model considering finite
ass-transfer rate provided more precise prediction of the break-

hrough curves. The experimental results show that a higher
otal mobile-phase concentration or a higher feed pH can lead
o an earlier column breakthrough. Using the correlation for the
verall mass-transfer coefficient developed in this study, the ion-
xchange column breakthrough curves under varying operating
onditions can be successfully predicted by the constant-pattern
ave model. Therefore, the constant-pattern wave model along
ith the equilibrium constant model can facilitate ion-exchange
olumn design and operation.
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